
Duty to Warn in Strategic Games
Pavel Naumov

Tulane University

New Orleans, Louisiana

pgn2@cornell.edu

Jia Tao

Lafayette College

Easton, Pennsylvania

taoj@lafayette.edu

ABSTRACT
The paper investigates the second-order blameworthiness or duty

to warn modality “one coalition knew how another coalition could

have prevented an outcome”. The main technical result is a sound

and complete logical system that describes the interplay between

the distributed knowledge and the duty to warn modalities.
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1 INTRODUCTION
On October 27, 1969, Prosenjit Poddar, an Indian graduate student

from the University of California, Berkeley, came to the parents’

house of Tatiana Tarasoff, an undergraduate student who recently

immigrated from Russia. After a brief conversation, he pulled out

a gun and unloaded it into her torso, then stabbed her eight times

with a 13-inch butcher knife, walked into the house and called the

police. Tarasoff was pronounced dead on arrival at the hospital [2].

In this paper we study the notion of blameworthiness. This no-

tion is usually defined through the principle of alternative possibil-

ities: an agent (or a coalition of agents) is blamable for φ if φ is true

and the agent had a strategy to prevent it [8, 19]. This definition

is also referred to as the counterfactual definition of blameworthi-

ness [5]. In our case, Poddar is blamable for the death of Tatiana

because he could have taken actions (to refrain from shooting and

stabbing her) that would have prevented her death. He was found

guilty of second-degree murder and sentenced to five years [2]. The

principle of alternative possibilities, sometimes referred to as “coun-

terfactual possibility” [5], is also used to define causality [3, 9, 10].

A sound and complete axiomatization of modality “statement φ is

true and coalitionC had a strategy to prevent φ” is proposed in [15].

In related works, Xu [20] and Broersen, Herzig, and Troquard [4]

axiomatized modality “took actions that unavoidably resulted in φ”
in the cases of single agents and coalitions respectively.

According to the principle of alternative possibilities, Poddar is

not the only one who is blamable for Tatiana’s death. Indeed, Ta-

tiana’s parents could have asked for a temporary police protection,

hired a private bodyguard, or taken Tatiana on a long vacation out-

side of California. Each of these actions is likely to prevent Tatiana’s

death. Thus, by applying the principle of alternative possibilities

directly, we have to conclude that her parents should be blamed

for Tatiana’s death. However, the police is unlikely to provide life-

time protection; the parents’ resources can only be used to hire a

Proc. of the 19th International Conference on Autonomous Agents and Multiagent Systems
(AAMAS 2020), B. An, N. Yorke-Smith, A. El Fallah Seghrouchni, G. Sukthankar (eds.),
May 2020, Auckland, New Zealand
© 2020 International Foundation for Autonomous Agents and Multiagent Systems

(www.ifaamas.org). All rights reserved.

https://doi.org/doi

bodyguard for a limited period time; and any vacation will have to

end. These measures would only work if they knew an approximate

time of a likely attack on their daughter. Without this crucial infor-

mation, they had a strategy to prevent her death, but they did not

know what this strategy was. If an agent has a strategy to achieve

a certain outcome, knows that it has a strategy, and knows what

this strategy is, then we say that the agent has a know-how strategy.
Axiomatic systems for know-how strategies have been studied be-

fore [1, 7, 11, 13, 14, 16]. In a setting with imperfect information, it is

natural to modify the principle of alternative possibilities to require

an agent or a coalition to have a know-how strategy to prevent.

In our case, parents had many different strategies that included

taking vacations in different months. They did not know that a

vacation in October would have prevented Tatiana’s death. Thus,

they cannot be blamed for her death according to the modified

version of the principle of alternative possibilities. We write this as

¬Bparents(“Tatiana is killed”).

Although Tatiana’s parents did not know how to prevent her

death, Dr. Lawrence Moore did. He was a psychiatrist who treated

Poddar at the University of California mental clinic. Poddar told

Moore how he met Tatiana at the University international student

house, how they started to date and how depressed Poddar became

when Tatiana lost romantic interest in him. Less than two months

before the tragedy, Poddar shared with the doctor his intention to

buy a gun and to murder Tatiana. Dr. Moore reported this infor-

mation to the University campus police. Since the University knew

that Poddar was at the peak of his depression, they could estimate

the possible timing of the attack. Thus, the University knew what

actions the parents could take to prevent the tragedy. In general, if a

coalitionC knows how a coalition D can achieve a certain outcome,

then coalition D has a second-order know-how strategy to achieve

the outcome. This class of strategies and a complete logical system

that describes its properties were proposed in [12]. We write BDC φ if

φ is true and coalition C knew how coalition D could have prevented
φ. In our case, Bparents

university
(“Tatiana is killed”).

After Tatiana’s death, her parents sued the University. In 1976

the California Supreme Court ruled that “When a therapist de-

termines, or pursuant to the standards of his profession should

determine, that his patient presents a serious danger of violence to

another, he incurs an obligation to use reasonable care to protect

the intended victim against such danger. The discharge of this duty

may require the therapist to take one or more of various steps,

depending upon the nature of the case. Thus it may call for him

to warn the intended victim or others likely to apprise the victim

of the danger, to notify the police, or to take whatever other steps

are reasonably necessary under the circumstances.” [18]. In other

words, the California Supreme Court ruled that in this case the duty

to warn is not only a moral obligation but a legal one as well. In
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this paper we propose a sound and complete logical system that de-

scribes the interplay between the distributed knowledge modality

KC and the second-order blameworthiness or duty to warnmodality

BDC . The (first-order) blameworthiness modality BCφ mentioned

earlier could be viewed as an abbreviation for BCCφ. For example,

BPoddar(“Tatiana is killed”) because Poddar knew how he himself

could prevent Tatiana’s death.

The paper is organized as follows. In the next section we intro-

duce and discuss the formal syntax and semantics of our logical

system. In Section 3 we list axioms and compare them to those in the

related logical systems. Section 4 gives examples of formal proofs

in our system. Section 5 and Section 6 contain the proofs of the

soundness and the completeness, respectively. Section 7 concludes.

2 SYNTAX AND SEMANTICS
In this section we introduce the formal syntax and semantics of

our logical system. We assume a fixed set of propositional variables

and a fixed set of agents A. By a coalition we mean any subset of

A. The language Φ of our logical system is defined by grammar:

φ := p | ¬φ | φ → φ | KCφ | BDC φ,

where C and D are arbitrary coalitions. Boolean connectives ⊥, ∧,

and ∨ are defined through ¬ and→ in the usual way. By KCφ we

denote the formula ¬KC¬φ and by XY
the set of all functions from

set Y to set X .

Definition 2.1. A game is a tuple (I , {∼a }a∈A ,∆,Ω, P ,π ), where

(1) I is a set of “initial states”,
(2) ∼a is an “indistinguishability” equivalence relation on the

set of initial states I , for each agent a ∈ A,

(3) ∆ is a set of “actions”,

(4) Ω is a set of “outcomes”,

(5) a set of “plays” P is an arbitrary set of tuples (α ,δ ,ω) such
that α ∈ I , δ ∈ ∆A

, and ω ∈ Ω. Furthermore, we assume

that for each initial state α ∈ I and each function δ ∈ ∆A
,

there is at least one outcome ω ∈ Ω such that (α ,δ ,ω) ∈ P ,
(6) π (p) ⊆ P for each propositional variable p.

By a complete (action) profile we mean any function δ ∈ ∆A

that maps agents in A into actions in ∆. By an (action) profile of a

coalition C we mean any function from set ∆C .

November

October dead

alive

11

10

11, 00, 01

10, 00, 01parents

Figure 1: Poddar’s actions: not attack (0) or attack (1). Par-
ents’ actions: take vacation in October (0) or November (1).

Figure 1 depicts a diagram of the game for the Tarasoff case. It

shows two possible initial states: October and November that repre-

sent two possible months with the peak of Poddar’s depression. The

actual initial state was October, which was known to the University,

but not to Tatiana’s parents. In other words, the University could

distinguish these two states, but the parents could not. We show

the indistinguishability relation by dashed lines. At the peak of

his depression, agent Poddar might decide not to attack Tatiana

(action 0) or to attack her (action 1). Parents, whom we represent

by a single agent for the sake of simplicity, might decide to take

vacation in October (action 0) or November (action 1). Thus, in our

example, ∆ = {0, 1}. Set Ω consists of outcomes dead and alive .
Recall that a complete action profile is a function from agents into

actions. Since in our case there are only two agents (Poddar and

parents), we write action profiles as xy where x ∈ {0, 1} is an action

of Poddar and y ∈ {0, 1} is an action of the parents. The plays of

the game are all possible valid combinations of an initial state, a

complete action profile, and an outcome. The plays are represented

in the diagram by directed edges. For example, the directed edge

from initial state October to outcome dead is labeled with action

profile 11. This means that (October, 11,dead) ∈ P . In other words,

if the peak of depression is in October, Poddar decides to attack

(1), and the parents take vacation in November (1), then Tatiana is

dead. Multiple labels on the same edge of the diagram represent

multiple plays with the same initial state and the same outcome.

Function π specifies the meaning of propositional variables.

Namely, π (p) is the set of all plays for which proposition p is true.

Next is the core definition of this paper. Its item 5 formally defines

the semantics of modality BDC . Traditionally, in modal logic the

satisfiability⊩ is defined as a relation between a state and a formula.

This approach is problematic in the case of the blameworthiness

modality because this modality refers to two different states: BDC φ
if statement φ is true in the current state and coalition C knew

how coalition D could have prevented φ in the previous state. In
other words, the meaning of formula BDC φ depends not only on

the current state, but on the previous one as well. We resolve this

issue by defining the satisfiability as a relation between a play
and a formula, where a play is a triple consisting of the previous

state α , the complete action profile δ , and an outcome (state) ω. We

distinguish initial states from outcomes to make the presentation

more elegant. Otherwise, this distinction is not significant.

We write ω ∼C ω ′
if ω ∼a ω ′

for each agent a ∈ C . We also

write f =X д if f (x) = д(x) for each element x ∈ X .

Definition 2.2. For any game (I , {∼a }a∈A ,∆,Ω, P ,π ), any for-

mula φ ∈ Φ, and any play (α ,δ ,ω) ∈ P , the satisfiability relation

(α ,δ ,ω) ⊩ φ is defined recursively as follows:

(1) (α ,δ ,ω) ⊩ p if (α ,δ ,ω) ∈ π (p),
(2) (α ,δ ,ω) ⊩ ¬φ if (α ,δ ,ω) ⊮ φ,
(3) (α ,δ ,ω) ⊩ φ → ψ if (α ,δ ,ω) ⊮ φ or (α ,δ ,ω) ⊩ ψ ,
(4) (α ,δ ,ω) ⊩ KCφ if (α ′,δ ′,ω ′) ⊩ φ for each (α ′,δ ′,ω ′) ∈ P

such that α ∼C α ′
,

(5) (α ,δ ,ω) ⊩ BDC φ if (α ,δ ,ω) ⊩ φ and there is a profile s ∈ ∆D

such that for each play (α ′,δ ′,ω ′) ∈ P , if α ∼C α ′
and

s =D δ ′, then (α ′,δ ′,ω ′) ⊮ φ.

Going back to our running example,

(October, 11,dead) ⊩ Bparents

university
(“Tatiana is killed”)

because (October, 11,dead) ⊩ “Tatiana is killed” and

(α ′,δ ′,ω ′) ⊮ (“Tatiana is killed”)

for each play (α ′,δ ′,ω ′) ∈ P such that α ′ ∼university October and

δ ′(parents) = 0.



Because the satisfiability is defined as a relation between plays

and formulae, one can potentially talk about two forms of knowl-

edge about a play in our system: a priori knowledge in the initial

state and a posteriori knowledge in the outcome. The knowledge

captured by the modality K as well as the knowledge implicitly re-

ferred to by the modality B, see item (5) of Definition 2.2, is a priori
knowledge about a play. In order to define a posteriori knowledge

in our setting, one would need to add an indistinguishability rela-

tion on outcomes to Definition 2.1. We do not consider a posteriori

knowledge because one should not be blamed for something that

the person only knows how to prevent post-factum.

Since we define the second-order blameworthiness using dis-

tributed knowledge, if a coalition C is blamable for not warning

coalition D, then any superset C ′ ⊇ C could be blamed for not

warning D. One might argue that the definition of blameworthiness

modality BDC should include a minimality condition on the coalition

C . We do not include this condition in item (5) of Definition 2.2,

because there are several different ways to phrase the minimality,

all of which could be expressed through our basic modality BDC .

First of all, we can say that C is the minimal coalition among

those coalitions that knew how D could have prevented φ. Let us
denote this modality by [1]DC φ. It can be expressed through BDC as:

[1]DC φ ≡ BDC φ ∧ ¬
∨
E⊊C

BDE φ.

Second, we can say that C is the minimal coalition that knew

how somebody could have prevented φ:

[2]DC φ ≡ BDC φ ∧ ¬
∨
E⊊C

∨
F ⊆A

BFEφ.

Third, we can say thatC is the minimal coalition that knew how

the smallest coalition D could have prevented φ:

[3]DC φ ≡ BDC φ ∧ ¬
∨
E⊆A

∨
F⊊D

BFEφ ∧ ¬
∨
E⊊C

BDE φ.

Finally, we can say that C is the minimal coalition that knew

how some smallest coalition could have prevented φ:

[4]Cφ ≡
∨
D⊆A

©«BDC φ ∧ ¬
∨
E⊆A

∨
F⊊D

BFEφ ∧ ¬
∨
E⊊C

BDE φ
ª®¬ .

The choice of the minimality condition depends on the specific

situation. Instead of making a choice between several possible

alternatives, in this paper we study the basic blameworthiness

modality without a minimality condition through which modalities

[1]DC φ, [2]
D
C φ, [3]

D
C φ, [4]Cφ, and possibly others could be defined.

3 AXIOMS
In addition to the propositional tautologies in language Φ, our
logical system contains the following axioms:

(1) Truth: KCφ → φ and BDC φ → φ,
(2) Distributivity: KC (φ → ψ ) → (KCφ → KCψ ),
(3) Negative Introspection: ¬KCφ → KC¬KCφ,
(4) Monotonicity: KCφ → KEφ and BDC φ → BFEφ,

where C ⊆ E and D ⊆ F ,
(5) None to Act: ¬B∅C φ,

(6) Joint Responsibility: if D ∩ F = ∅, then

KCBDC φ ∧ KEBFEψ → (φ ∨ψ → BD∪F
C∪E (φ ∨ψ )),

(7) Strict Conditional: KC (φ → ψ ) → (BDCψ → (φ → BDC φ)),
(8) Introspection of Blameworthiness: BDC φ → KC (φ → BDC φ).

The Truth, the Distributivity, the Negative Introspection, and the

Monotonicity axioms for modality K are the standard axioms from

the epistemic logic S5 for distributed knowledge [6]. The Truth

axiom for modality B states that a coalition can only be blamed for

something that has actually happened. The Monotonicity axiom

for modality B captures the fact that both distributed knowledge

and coalition power are monotonic.

The None to Act axiom is true because the empty coalition has

only one action profile. Thus, if the empty coalition can prevent φ,
then φ would have to be false on the current play. This axiom is

similar to the None to Blame axiom ¬B∅φ in [15].

The Joint Responsibility axiom shows how the blame of two

separate coalitions can be combined into the blame of their union.

This axiom is closely related to Marc Pauly [17] Cooperation axiom,

which is also used in coalitional modal logics of know-how [1, 11,

13, 14] and second-order know-how [12]. We formally prove the

soundness of this axiom in Lemma 5.1.

Strict conditional KC (φ → ψ ) states that formula φ is known

to C to implyψ . By contraposition, coalition C knows that ifψ is

prevented, then φ is also prevented. The Strict Conditional axiom

states that if C could be second-order blamed forψ , then it should

also be second-order blamed for φ as long as φ is true. A similar

axiom is present in [15].

Finally, the Introspection of Blameworthiness axiom says that

if coalition C is second-order blamed for φ, then C knows that it

is second-order blamed for φ as long as φ is true. A similar Strate-

gic Introspection axiom for second-order know-how modality is

present in [12].

We write ⊢ φ if formula φ is provable from the axioms of our

system using the Modus Ponens and the Necessitation inference

rules:

φ,φ → ψ

ψ
,

φ

KCφ
.

We write X ⊢ φ if formula φ is provable from the theorems of our

logical system and an additional set of axioms X using only the

Modus Ponens inference rule.

Lemma 3.1. If φ1, . . . ,φn ⊢ψ , then KCφ1, . . . ,KCφn ⊢KCψ .

Proof. By the deduction lemma applied n times, assumption

φ1, . . . ,φn ⊢ ψ implies that ⊢ φ1 → (φ2 → . . . (φn → ψ ) . . . ).
Thus, by the Necessitation inference rule,

⊢ KC (φ1 → (φ2 → . . . (φn → ψ ) . . . )).

Hence, by the Distributivity axiom and the Modus Ponens rule,

⊢ KCφ1 → KC (φ2 → . . . (φn → ψ ) . . . ).

Then, again by the Modus Ponens rule,

KCφ1 ⊢ KC (φ2 → . . . (φn → ψ ) . . . ).

Therefore, KCφ1, . . . ,KCφn ⊢ KCψ by applying the previous steps

(n − 1) more times. □

The next lemma capture a well-known property of S5 modality.

Its proof could be found, for example, in [12].



Lemma 3.2 (Positive Introspection). ⊢ KCφ → KCKCφ.

4 EXAMPLES OF DERIVATIONS
The soundness of our logical system is established in the next

section. Here we prove several lemmas about our formal system

that will be used later in the proof of the completeness.

Lemma 4.1. ⊢ KCBDC φ → (φ → BDC φ).

Proof. Note that ⊢ BDC φ → KC (φ → BDC φ) by the Introspection
of Blameworthiness axiom. Thus, ⊢ ¬KC (φ → BDC φ) → ¬BDC φ, by
the law of contrapositive. Then, ⊢ KC (¬KC (φ → BDC φ) → ¬BDC φ)
by the Necessitation inference rule. Hence, by the Distributivity

axiom and the Modus Ponens inference rule,

⊢ KC¬KC (φ → BDC φ) → KC¬B
D
C φ.

At the same time, by the Negative Introspection axiom:

⊢ ¬KC (φ → BDC φ) → KC¬KC (φ → BDC φ).

Then, by the laws of propositional reasoning,

⊢ ¬KC (φ → BDC φ) → KC¬B
D
C φ.

Thus, by the law of contrapositive,

⊢ ¬KC¬B
D
C φ → KC (φ → BDC φ).

Since KC (φ → BDC φ) → (φ → BDC φ) is an instance of the Truth

axiom, by propositional reasoning,

⊢ ¬KC¬B
D
C φ → (φ → BDC φ).

Therefore, ⊢ KCBDC φ → (φ → BDC φ) by the definition of KC . □

Lemma 4.2. If ⊢ φ ↔ ψ , then ⊢ BDC φ → BDCψ .

Proof. By the Strict Conditional axiom,

⊢ KC (ψ → φ) → (BDC φ → (ψ → BDCψ )).

Assumption ⊢ φ ↔ ψ implies ⊢ ψ → φ by the laws of propositional

reasoning. Hence, ⊢ KC (ψ → φ) by the Necessitation inference rule.

Thus, by the Modus Ponens rule, ⊢ BDC φ → (ψ → BDCψ ). Then, by
the laws of propositional reasoning,

⊢ (BDC φ → ψ ) → (BDC φ → BDCψ ). (1)

Observe that ⊢ BDC φ → φ by the Truth axiom. Also, ⊢ φ ↔ ψ by

the assumption of the lemma. Then, by the laws of propositional

reasoning, ⊢ BDC φ → ψ . Therefore, ⊢ BDC φ → BDCψ by the Modus

Ponens inference rule from statement (1). □

Lemma 4.3. φ ⊢ KCφ.

Proof. By the Truth axioms, ⊢ KC¬φ → ¬φ. Hence, by the

law of contrapositive, ⊢ φ → ¬KC¬φ. Thus, ⊢ φ → KCφ by the

definition of the modality KC . Therefore, φ ⊢ KCφ by the Modus

Ponens inference rule. □

The next lemma generalizes the Joint Responsibility axiom from

two coalitions to multiple coalitions.

Lemma 4.4. For any integer n ≥ 0,

{KEiB
Fi
Ei
χi }

n
i=1, χ1 ∨ · · · ∨ χn ⊢ BF1∪···∪FnE1∪···∪En

(χ1 ∨ · · · ∨ χn ),

where sets F1, . . . , Fn are pairwise disjoint.

Proof. We prove the lemma by induction on n. If n = 0, then

disjunction χ1 ∨ · · · ∨ χn is Boolean constant false ⊥. Hence, the

statement of the lemma, ⊥ ⊢ B∅∅⊥, is provable in the propositional

logic.

Next, assume that n = 1. Then, from Lemma 4.1 using Modus

Ponens rule twice, we get KE1B
F1
E1
χ1, χ1 ⊢ B

F1
E1
χ1.

Assume now that n ≥ 2. By the Joint Responsibility axiom and

the Modus Ponens inference rule,

KE1∪···∪En−1B
F1∪···∪Fn−1
E1∪···∪En−1

(χ1 ∨ · · · ∨ χn−1),KEnB
Fn
En
χn ,

χ1 ∨ · · · ∨ χn−1 ∨ χn ⊢ BF1∪···∪Fn−1∪FnE1∪···∪En−1∪En
(χ1 ∨ · · · ∨ χn−1 ∨ χn ).

Hence, by Lemma 4.3,

BF1∪···∪Fn−1E1∪···∪En−1
(χ1 ∨ · · · ∨ χn−1),KEnB

Fn
En
χn , χ1 ∨ · · · ∨ χn−1 ∨ χn

⊢ BF1∪···∪Fn−1∪FnE1∪···∪En−1∪En
(χ1 ∨ · · · ∨ χn−1 ∨ χn ).

At the same time, by the induction hypothesis,

{KEiB
Fi
Ei
χi }

n−1
i=1 , χ1 ∨ · · · ∨ χn−1 ⊢ B

F1∪···∪Fn−1
E1∪···∪En−1

(χ1 ∨ · · · ∨ χn−1).

Thus,

{KEiB
Fi
Ei
χi }

n
i=1, χ1 ∨ · · · ∨ χn−1, χ1 ∨ · · · ∨ χn−1 ∨ χn

⊢ BF1∪···∪Fn−1∪FnE1∪···∪En−1∪En
(χ1 ∨ · · · ∨ χn−1 ∨ χn ).

Note that χ1 ∨ · · · ∨ χn−1 ⊢ χ1 ∨ · · · ∨ χn−1 ∨ χn is provable in the

propositional logic. Thus,

{KEiB
Fi
Ei
χi }

n
i=1, χ1 ∨ · · · ∨ χn−1

⊢ BF1∪···∪Fn−1∪FnE1∪···∪En−1∪En
(χ1 ∨ · · · ∨ χn−1 ∨ χn ). (2)

Similarly, by the Joint Responsibility axiom and the Modus Ponens

inference rule,

KE1B
F1
E1
χ1,KE2∪···∪EnB

F2∪···∪Fn
E2∪···∪En

(χ2 ∨ · · · ∨ χn ),

χ1 ∨ (χ2 ∨ · · · ∨ χn ) ⊢ B
F1∪···∪Fn−1∪Fn
E1∪···∪En−1∪En

(χ1 ∨ (χ2 ∨ · · · ∨ χn )).

Because formula χ1 ∨ (χ2 ∨ · · · ∨ χn ) ↔ χ1 ∨ χ2 ∨ · · · ∨ χn is

provable in the propositional logic, by Lemma 4.2,

KE1B
F1
E1
χ1,KE2∪···∪EnB

F2∪···∪Fn
E2∪···∪En

(χ2 ∨ · · · ∨ χn ),

χ1 ∨ χ2 ∨ · · · ∨ χn ⊢ BF1∪···∪Fn−1∪FnE1∪···∪En−1∪En
(χ1 ∨ χ2 ∨ · · · ∨ χn ).

Hence, by Lemma 4.3,

KE1B
F1
E1
χ1,B

F2∪···∪Fn
E2∪···∪En

(χ2 ∨ · · · ∨ χn ), χ1 ∨ χ2 ∨ · · · ∨ χn

⊢ BF1∪···∪Fn−1∪FnE1∪···∪En−1∪En
(χ1 ∨ χ2 ∨ · · · ∨ χn ).

At the same time, by the induction hypothesis,

{KEiB
Fi
Ei
χi }

n
i=2, χ2 ∨ · · · ∨ χn ⊢ BF2∪···∪FnE2∪···∪En

(χ2 ∨ · · · ∨ χn ).

Thus,

{KEiB
Fi
Ei
χi }

n
i=1, χ2 ∨ · · · ∨ χn , χ1 ∨ χ2 ∨ · · · ∨ χn

⊢ BF1∪···∪Fn−1∪FnE1∪···∪En−1∪En
(χ1 ∨ χ2 ∨ · · · ∨ χn ).

Note that χ2 ∨ · · · ∨ χn ⊢ χ1 ∨ · · · ∨ χn−1 ∨ χn is provable in the

propositional logic. Thus,

{KEiB
Fi
Ei
χi }

n
i=1, χ2 ∨ · · · ∨ χn

⊢ BF1∪···∪Fn−1∪FnE1∪···∪En−1∪En
(χ1 ∨ χ2 ∨ · · · ∨ χn ). (3)



Finally, note that the following statement is provable in the propo-

sitional logic for n ≥ 2,

⊢ χ1 ∨ · · · ∨ χn → (χ1 ∨ · · · ∨ χn−1) ∨ (χ2 ∨ · · · ∨ χn ).

Therefore, from statement (2) and statement (3),

{KEiB
Fi
Ei
χi }

n
i=1, χ1 ∨ · · · ∨ χn ⊢ BF1∪···∪FnE1∪···∪En

(χ1 ∨ · · · ∨ χn ).

by the laws of propositional reasoning. □

Our last example rephrases Lemma 4.4 into the form which is

used in the proof of the completeness.

Lemma 4.5. For any n ≥ 0, any sets E1, . . . ,En ⊆ C , and any
pairwise disjoint sets F1, . . . , Fn ⊆ D,

{KEiB
Fi
Ei
χi }

n
i=1,KC (φ → χ1 ∨ · · · ∨ χn ) ⊢ KC (φ → BDC φ).

Proof. Let X = {KEiB
Fi
Ei
χi }

n
i=1. Then, by Lemma 4.4,

X , χ1 ∨ · · · ∨ χn ⊢ BF1∪···∪FnE1∪···∪En
(χ1 ∨ · · · ∨ χn ).

Hence, by the Monotonicity axiom,

X , χ1 ∨ · · · ∨ χn ⊢ BDC (χ1 ∨ · · · ∨ χn ).

Thus, X ,φ,φ → χ1 ∨ · · · ∨ χn ⊢ BDC (χ1 ∨ · · · ∨ χn )

by the Modus Ponens inference rule. Hence, by the Truth axiom,

X ,φ,KC (φ → χ1 ∨ · · · ∨ χn ) ⊢ BDC (χ1 ∨ · · · ∨ χn ).

The following formula is an instance of the Strict Conditional

axiom KC (φ → χ1∨· · ·∨χn ) → (BDC (χ1∨· · ·∨χn ) → (φ → BDC φ)).
Thus, by the Modus Ponens applied twice,

X ,φ,KC (φ → χ1 ∨ · · · ∨ χn ) ⊢ φ → BDC φ.

Then, X ,φ,KC (φ → χ1 ∨ · · · ∨ χn ) ⊢ BDC φ by the Modus Ponens.

Thus, X ,KC (φ → χ1 ∨ · · · ∨ χn ) ⊢ φ → BDC φ by the deduction

lemma. Hence,

{KCKEiB
Fi
Ei
χi }

n
i=1,KCKC (φ → χ1 ∨ · · · ∨ χn ) ⊢ KC (φ → BDC φ)

by Lemma 3.1 and the definition of set X . Then,

{KEiKEiB
Fi
Ei
χi }

n
i=1,KCKC (φ → χ1 ∨ · · · ∨ χn ) ⊢ KC (φ → BDC φ)

by the Monotonicity axiom, the Modus Ponens inference rule, and

the assumption E1, . . . ,En ⊆ C . Thus,

{KEiB
Fi
Ei
χi }

n
i=1,KCKC (φ → χ1 ∨ · · · ∨ χn ) ⊢ KC (φ → BDC φ)

by the definition of modality K, the Negative Introspection axiom,

and theModus Ponens rule. Therefore, by Lemma 3.2 and theModus

Ponens inference rule, the statement of the lemma is true. □

5 SOUNDNESS
The soundness of the Truth, the Distributivity, the Negative In-

trospection, the Monotonicity, and the None to Blame axioms is

straightforward. Below we prove the soundness of the Joint Re-

sponsibility, the Strict Conditional, and the Introspection of Blame-

worthiness axioms as separate lemmas.

Lemma 5.1. IfD∩F = ∅, (α ,δ ,ω) ⊩ KCBDC φ, (α ,δ ,ω) ⊩ KEBFEψ ,
and (α ,δ ,ω) ⊩ φ ∨ψ , then (α ,δ ,ω) ⊩ BD∪F

C∪E (φ ∨ψ ).

Proof. By Definition 2.2 and the definition of modality K, as-
sumption (α ,δ ,ω) ⊩ KCBDC φ implies that there is a play (α1,δ1,ω1)

such that α ∼C α1 and (α1,δ1,ω1) ⊩ BDC φ. Thus, again by Defini-

tion 2.2, there is an action profile s1 ∈ ∆D such that for each play

(α ′,δ ′,ω ′) ∈ P , if α1 ∼C α ′
and s1 =D δ ′, then (α ′,δ ′,ω ′) ⊮ φ.

Recall that α ∼C α1. Thus, for each play (α ′,δ ′,ω ′) ∈ P ,

α ∼C α ′ ∧ s1 =D δ ′ → (α ′,δ ′,ω ′) ⊮ φ. (4)

Similarly, assumption (α ,δ ,ω) ⊩ KEBFEψ implies that there is a

profile s2 ∈ ∆F such that for each play (α ′,δ ′,ω ′) ∈ P ,

α ∼E α
′ ∧ s2 =F δ

′ → (α ′,δ ′,ω ′) ⊮ ψ . (5)

Let s ∈ ∆D∪F
be the action profile:

s(a) =

{
s1(a), if a ∈ D,

s2(a), if a ∈ F .
(6)

Action profile s is well-defined because D ∩ F = ∅. Statements (4),

(5), and (6) by Definition 2.2 imply that for each play (α ′,δ ′,ω ′) ∈ P
if α ∼C∪E α ′

and s =D∪F δ ′, then (α ′,δ ′,ω ′) ⊮ φ ∨ ψ . Recall
that (α ,δ ,ω) ⊩ φ ∨ ψ . Therefore, (α ,δ ,ω) ⊩ BD∪F

C∪E (φ ∨ ψ ) by
Definition 2.2. □

Lemma 5.2. If (α ,δ ,ω) ⊩ KC (φ → ψ ), (α ,δ ,ω) ⊩ BDCψ , and
(α ,δ ,ω) ⊩ φ, then (α ,δ ,ω) ⊩ BDC φ.

Proof. By Definition 2.2, assumption (α ,δ ,ω) ⊩ KC (φ → ψ )
implies that for each play (α ′,δ ′,ω ′) ∈ P of the game if α ∼C α ′

,

then (α ′,δ ′,ω ′) ⊩ φ → ψ .
By Definition 2.2, assumption (α ,δ ,ω) ⊩ BDCψ implies that there

is an action profile s ∈ ∆D such that for each play (α ′,δ ′,ω ′) ∈ P ,
if α ∼C α ′

and s =D δ ′, then (α ′,δ ′,ω ′) ⊮ ψ .
Hence, for each play (α ′,δ ′,ω ′) ∈ P , if α ∼C α ′

and s =D δ ′,
then (α ′,δ ′,ω ′) ⊮ φ. Therefore, (α ,δ ,ω) ⊩ BDC φ by Definition 2.2

and the assumption (α ,δ ,ω) ⊩ φ of the lemma. □

Lemma 5.3. If (α ,δ ,ω) ⊩ BDC φ, then (α ,δ ,ω) ⊩ KC (φ → BDC φ).

Proof. By Definition 2.2, assumption (α ,δ ,ω) ⊩ BDC φ implies

that there is an action profile s ∈ ∆D such that for each play

(α ′,δ ′,ω ′) ∈ P , if α ∼C α ′
and s =D δ ′, then (α ′,δ ′,ω ′) ⊮ φ.

Let (α ′,δ ′,ω ′) ∈ P be a play where α ∼C α ′
and (α ′,δ ′,ω ′) ⊩ φ.

By Definition 2.2, it suffices to show that (α ′,δ ′,ω ′) ⊩ BDC φ.
Consider any play (α ′′,δ ′′,ω ′′) ∈ P such that α ′ ∼C α ′′

and

s =D δ ′′. Then, since ∼C is an equivalence relation, assumptions

α ∼C α ′
and α ′ ∼C α ′′

imply α ∼C α ′′
. Thus, (α ′′,δ ′′,ω ′′) ⊮ φ

by the choice of action profile s . Therefore, (α ′,δ ′,ω ′) ⊩ BDC φ by

Definition 2.2 and the assumption (α ′,δ ′,ω ′) ⊩ φ. □

6 COMPLETENESS
The standard proof of the completeness for individual knowledge

modality Ka defines states as maximal consistent sets [6]. Two

such sets are indistinguishable to an agent a if these sets have the

same Ka -formulae. This construction does not work for distributed

knowledge because if two sets share Ka -formulae and Kb -formulae,

they do not necessarily have to share Ka,b -formulae. To overcome

this issue, we use the Tree of Knowledge construction, similar to

the one in [14]. An important change to this construction proposed



in the current paper is placing elements of a set B on the edges of

the tree. This change is significant for the proof of Lemma 6.13.

Let B be an arbitrary set of cardinality larger than that of the

set A. Next, for each maximal consistent set of formulae X0, we

define the canonical game G(X0) = (I , {∼a }a∈A ,∆,Ω, P ,π ).

Definition 6.1. The set of outcomes Ω consists of all sequences

X0, (C1,b1),X1, (C2,b2), . . . , (Cn ,bn ),Xn , where n ≥ 0 and for each

i ≥ 1,Xi is a maximal consistent subset of Φ, (i)Ci ⊆ A, (ii) bi ∈ B,

and (iii) {φ | KCiφ ∈ Xi−1} ⊆ Xi .

If x is a nonempty sequence x1, . . . ,xn and y is an element, then

by x :: y and hd(x) we mean sequence x1, . . . ,xn ,y and element xn
respectively.

We say that outcomesw,u ∈ Ω are adjacent if there are coalition
C , element b ∈ B, and maximal consistent set X such that w =
u :: (C,b) :: X . The adjacency relation forms a tree structure on

set Ω, see Figure 2. We call it the Tree of Knowledge. We say that

edge (w,u) is labeled with each agent in coalition C and is marked
with element b. Although vertices of the tree are sequences, it is

convenient to think about the maximal consistent set hd(ω), not a
sequence ω, being a vertex of the tree.

X0
<latexit sha1_base64="4CPvLT/Cr4ove6bgDbfFnZ0md0A=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ7fzeueJayMS9YjTlAcxHSkRCUbRWg/dgTuo1tyGuxBZB6+AGhRqDapf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zqGjMTZAvVp2RC+sMSZRo+xSShft7IqexMdM4tJ0xxbFZrc3N/2q9DKObIBcqzZArtvwoyiTBhMzvJkOhOUM5tUCZFnZXwsZUU4Y2nYoNwVs9eR3alw3P8v1VrVkv4ijDGZxDHTy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8kfP5A9GNjWU=</latexit><latexit sha1_base64="4CPvLT/Cr4ove6bgDbfFnZ0md0A=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ7fzeueJayMS9YjTlAcxHSkRCUbRWg/dgTuo1tyGuxBZB6+AGhRqDapf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zqGjMTZAvVp2RC+sMSZRo+xSShft7IqexMdM4tJ0xxbFZrc3N/2q9DKObIBcqzZArtvwoyiTBhMzvJkOhOUM5tUCZFnZXwsZUU4Y2nYoNwVs9eR3alw3P8v1VrVkv4ijDGZxDHTy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8kfP5A9GNjWU=</latexit><latexit sha1_base64="4CPvLT/Cr4ove6bgDbfFnZ0md0A=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ7fzeueJayMS9YjTlAcxHSkRCUbRWg/dgTuo1tyGuxBZB6+AGhRqDapf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zqGjMTZAvVp2RC+sMSZRo+xSShft7IqexMdM4tJ0xxbFZrc3N/2q9DKObIBcqzZArtvwoyiTBhMzvJkOhOUM5tUCZFnZXwsZUU4Y2nYoNwVs9eR3alw3P8v1VrVkv4ijDGZxDHTy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8kfP5A9GNjWU=</latexit><latexit sha1_base64="4CPvLT/Cr4ove6bgDbfFnZ0md0A=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ7fzeueJayMS9YjTlAcxHSkRCUbRWg/dgTuo1tyGuxBZB6+AGhRqDapf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zqGjMTZAvVp2RC+sMSZRo+xSShft7IqexMdM4tJ0xxbFZrc3N/2q9DKObIBcqzZArtvwoyiTBhMzvJkOhOUM5tUCZFnZXwsZUU4Y2nYoNwVs9eR3alw3P8v1VrVkv4ijDGZxDHTy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8kfP5A9GNjWU=</latexit>

X1
<latexit sha1_base64="tPqZJ4xe+vkQUtVDCz8k62YxpMY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ7fzeueJayMS9YjTlAcxHSkRCUbRWg/dgTeo1tyGuxBZB6+AGhRqDapf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zqGjMTZAvVp2RC+sMSZRo+xSShft7IqexMdM4tJ0xxbFZrc3N/2q9DKObIBcqzZArtvwoyiTBhMzvJkOhOUM5tUCZFnZXwsZUU4Y2nYoNwVs9eR3alw3P8v1VrVkv4ijDGZxDHTy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8kfP5A9MRjWY=</latexit><latexit sha1_base64="tPqZJ4xe+vkQUtVDCz8k62YxpMY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ7fzeueJayMS9YjTlAcxHSkRCUbRWg/dgTeo1tyGuxBZB6+AGhRqDapf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zqGjMTZAvVp2RC+sMSZRo+xSShft7IqexMdM4tJ0xxbFZrc3N/2q9DKObIBcqzZArtvwoyiTBhMzvJkOhOUM5tUCZFnZXwsZUU4Y2nYoNwVs9eR3alw3P8v1VrVkv4ijDGZxDHTy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8kfP5A9MRjWY=</latexit><latexit sha1_base64="tPqZJ4xe+vkQUtVDCz8k62YxpMY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ7fzeueJayMS9YjTlAcxHSkRCUbRWg/dgTeo1tyGuxBZB6+AGhRqDapf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zqGjMTZAvVp2RC+sMSZRo+xSShft7IqexMdM4tJ0xxbFZrc3N/2q9DKObIBcqzZArtvwoyiTBhMzvJkOhOUM5tUCZFnZXwsZUU4Y2nYoNwVs9eR3alw3P8v1VrVkv4ijDGZxDHTy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8kfP5A9MRjWY=</latexit><latexit sha1_base64="tPqZJ4xe+vkQUtVDCz8k62YxpMY=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIuix4MVjRdMW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvGEqhUHX/XZKG5tb2zvl3cre/sHhUfX4pG2STDPus0QmuhtSw6VQ3EeBkndTzWkcSt4JJ7fzeueJayMS9YjTlAcxHSkRCUbRWg/dgTeo1tyGuxBZB6+AGhRqDapf/WHCspgrZJIa0/PcFIOcahRM8lmlnxmeUjahI96zqGjMTZAvVp2RC+sMSZRo+xSShft7IqexMdM4tJ0xxbFZrc3N/2q9DKObIBcqzZArtvwoyiTBhMzvJkOhOUM5tUCZFnZXwsZUU4Y2nYoNwVs9eR3alw3P8v1VrVkv4ijDGZxDHTy4hibcQQt8YDCCZ3iFN0c6L86787FsLTnFzCn8kfP5A9MRjWY=</latexit>

X2
<latexit sha1_base64="aYCs3UXdGSCxB4F5z0pbATRUuvg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkRajHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YX1Yrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQlv/IzLJDUo2eqjMBXExGRxNxlxhcyImQXKFLe7EjahijJj0ynZELz1kzehU695lu+vK81qHkcRLuASquBBA5pwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH9SVjWc=</latexit><latexit sha1_base64="aYCs3UXdGSCxB4F5z0pbATRUuvg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkRajHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YX1Yrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQlv/IzLJDUo2eqjMBXExGRxNxlxhcyImQXKFLe7EjahijJj0ynZELz1kzehU695lu+vK81qHkcRLuASquBBA5pwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH9SVjWc=</latexit><latexit sha1_base64="aYCs3UXdGSCxB4F5z0pbATRUuvg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkRajHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YX1Yrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQlv/IzLJDUo2eqjMBXExGRxNxlxhcyImQXKFLe7EjahijJj0ynZELz1kzehU695lu+vK81qHkcRLuASquBBA5pwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH9SVjWc=</latexit><latexit sha1_base64="aYCs3UXdGSCxB4F5z0pbATRUuvg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkRajHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YX1Yrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQlv/IzLJDUo2eqjMBXExGRxNxlxhcyImQXKFLe7EjahijJj0ynZELz1kzehU695lu+vK81qHkcRLuASquBBA5pwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH9SVjWc=</latexit>

X3
<latexit sha1_base64="Zj6YMayFkZaKIk6zP5IPN2Jrxlw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkWtBjwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO650nro2I1SNOE+5HdKREKBhFaz10B1eDcsWtuQuRdfByqECu5qD81R/GLI24QiapMT3PTdDPqEbBJJ+V+qnhCWUTOuI9i4pG3PjZYtUZubDOkISxtk8hWbi/JzIaGTONAtsZURyb1drc/K/WSzG88TOhkhS5YsuPwlQSjMn8bjIUmjOUUwuUaWF3JWxMNWVo0ynZELzVk9ehfVnzLN/XK41qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP9YZjWg=</latexit><latexit sha1_base64="Zj6YMayFkZaKIk6zP5IPN2Jrxlw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkWtBjwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO650nro2I1SNOE+5HdKREKBhFaz10B1eDcsWtuQuRdfByqECu5qD81R/GLI24QiapMT3PTdDPqEbBJJ+V+qnhCWUTOuI9i4pG3PjZYtUZubDOkISxtk8hWbi/JzIaGTONAtsZURyb1drc/K/WSzG88TOhkhS5YsuPwlQSjMn8bjIUmjOUUwuUaWF3JWxMNWVo0ynZELzVk9ehfVnzLN/XK41qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP9YZjWg=</latexit><latexit sha1_base64="Zj6YMayFkZaKIk6zP5IPN2Jrxlw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkWtBjwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO650nro2I1SNOE+5HdKREKBhFaz10B1eDcsWtuQuRdfByqECu5qD81R/GLI24QiapMT3PTdDPqEbBJJ+V+qnhCWUTOuI9i4pG3PjZYtUZubDOkISxtk8hWbi/JzIaGTONAtsZURyb1drc/K/WSzG88TOhkhS5YsuPwlQSjMn8bjIUmjOUUwuUaWF3JWxMNWVo0ynZELzVk9ehfVnzLN/XK41qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP9YZjWg=</latexit><latexit sha1_base64="Zj6YMayFkZaKIk6zP5IPN2Jrxlw=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkWtBjwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO650nro2I1SNOE+5HdKREKBhFaz10B1eDcsWtuQuRdfByqECu5qD81R/GLI24QiapMT3PTdDPqEbBJJ+V+qnhCWUTOuI9i4pG3PjZYtUZubDOkISxtk8hWbi/JzIaGTONAtsZURyb1drc/K/WSzG88TOhkhS5YsuPwlQSjMn8bjIUmjOUUwuUaWF3JWxMNWVo0ynZELzVk9ehfVnzLN/XK41qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP9YZjWg=</latexit>

X4
<latexit sha1_base64="Je7UEy0xOzegE/ml6iN1GLiGbso=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkUqjHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YX1Yrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQlv/IzLJDUo2eqjMBXExGRxNxlxhcyImQXKFLe7EjahijJj0ynZELz1kzehc13zLN/XK81qHkcRLuASquBBA5pwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH9edjWk=</latexit><latexit sha1_base64="Je7UEy0xOzegE/ml6iN1GLiGbso=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkUqjHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YX1Yrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQlv/IzLJDUo2eqjMBXExGRxNxlxhcyImQXKFLe7EjahijJj0ynZELz1kzehc13zLN/XK81qHkcRLuASquBBA5pwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH9edjWk=</latexit><latexit sha1_base64="Je7UEy0xOzegE/ml6iN1GLiGbso=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkUqjHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YX1Yrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQlv/IzLJDUo2eqjMBXExGRxNxlxhcyImQXKFLe7EjahijJj0ynZELz1kzehc13zLN/XK81qHkcRLuASquBBA5pwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH9edjWk=</latexit><latexit sha1_base64="Je7UEy0xOzegE/ml6iN1GLiGbso=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkUqjHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YX1Yrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQlv/IzLJDUo2eqjMBXExGRxNxlxhcyImQXKFLe7EjahijJj0ynZELz1kzehc13zLN/XK81qHkcRLuASquBBA5pwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH9edjWk=</latexit>

X5
<latexit sha1_base64="LCwdnPsWBvF2IxIOUptDMugc0HU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkYtFjwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO650nro2I1SNOE+5HdKREKBhFaz10B/VBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRje+JlQSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQvqx5lu+vKo1qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP9khjWo=</latexit><latexit sha1_base64="LCwdnPsWBvF2IxIOUptDMugc0HU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkYtFjwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO650nro2I1SNOE+5HdKREKBhFaz10B/VBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRje+JlQSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQvqx5lu+vKo1qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP9khjWo=</latexit><latexit sha1_base64="LCwdnPsWBvF2IxIOUptDMugc0HU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkYtFjwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO650nro2I1SNOE+5HdKREKBhFaz10B/VBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRje+JlQSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQvqx5lu+vKo1qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP9khjWo=</latexit><latexit sha1_base64="LCwdnPsWBvF2IxIOUptDMugc0HU=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkYtFjwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO650nro2I1SNOE+5HdKREKBhFaz10B/VBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRje+JlQSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQvqx5lu+vKo1qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP9khjWo=</latexit>

X6
<latexit sha1_base64="qPFr4G9k7qLyXXJSDCUGb/7wJo4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkItVjwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO650nro2I1SNOE+5HdKREKBhFaz10B/VBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRje+JlQSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQvqx5lu+vKo1qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP9qljWs=</latexit><latexit sha1_base64="qPFr4G9k7qLyXXJSDCUGb/7wJo4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkItVjwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO650nro2I1SNOE+5HdKREKBhFaz10B/VBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRje+JlQSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQvqx5lu+vKo1qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP9qljWs=</latexit><latexit sha1_base64="qPFr4G9k7qLyXXJSDCUGb/7wJo4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkItVjwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO650nro2I1SNOE+5HdKREKBhFaz10B/VBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRje+JlQSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQvqx5lu+vKo1qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP9qljWs=</latexit><latexit sha1_base64="qPFr4G9k7qLyXXJSDCUGb/7wJo4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkItVjwYvHivYD2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEihUHX/XYKG5tb2zvF3dLe/sHhUfn4pG3iVDPeYrGMdTeghkuheAsFSt5NNKdRIHknmNzO650nro2I1SNOE+5HdKREKBhFaz10B/VBueLW3IXIOng5VCBXc1D+6g9jlkZcIZPUmJ7nJuhnVKNgks9K/dTwhLIJHfGeRUUjbvxsseqMXFhnSMJY26eQLNzfExmNjJlGge2MKI7Nam1u/lfrpRje+JlQSYpcseVHYSoJxmR+NxkKzRnKqQXKtLC7EjammjK06ZRsCN7qyevQvqx5lu+vKo1qHkcRzuAcquDBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzmfP9qljWs=</latexit>

X7
<latexit sha1_base64="FWNtKbJ0fUnycmy1O2TdlMrzYtA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIrTHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YX1Yrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQkbfsZlkhqUbPVRmApiYrK4m4y4QmbEzAJlittdCZtQRZmx6ZRsCN76yZvQua55lu9vKs1qHkcRLuASquBBHZpwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH9wpjWw=</latexit><latexit sha1_base64="FWNtKbJ0fUnycmy1O2TdlMrzYtA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIrTHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YX1Yrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQkbfsZlkhqUbPVRmApiYrK4m4y4QmbEzAJlittdCZtQRZmx6ZRsCN76yZvQua55lu9vKs1qHkcRLuASquBBHZpwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH9wpjWw=</latexit><latexit sha1_base64="FWNtKbJ0fUnycmy1O2TdlMrzYtA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIrTHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YX1Yrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQkbfsZlkhqUbPVRmApiYrK4m4y4QmbEzAJlittdCZtQRZmx6ZRsCN76yZvQua55lu9vKs1qHkcRLuASquBBHZpwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH9wpjWw=</latexit><latexit sha1_base64="FWNtKbJ0fUnycmy1O2TdlMrzYtA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIrTHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YX1Yrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQkbfsZlkhqUbPVRmApiYrK4m4y4QmbEzAJlittdCZtQRZmx6ZRsCN76yZvQua55lu9vKs1qHkcRLuASquBBHZpwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH9wpjWw=</latexit>

X8
<latexit sha1_base64="nKJ6FnC6thGdquS5a01ddNwdH7Q=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIrTHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YWNYrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQkbfsZlkhqUbPVRmApiYrK4m4y4QmbEzAJlittdCZtQRZmx6ZRsCN76yZvQua55lu9vKs1qHkcRLuASquBBHZpwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH92tjW0=</latexit><latexit sha1_base64="nKJ6FnC6thGdquS5a01ddNwdH7Q=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIrTHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YWNYrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQkbfsZlkhqUbPVRmApiYrK4m4y4QmbEzAJlittdCZtQRZmx6ZRsCN76yZvQua55lu9vKs1qHkcRLuASquBBHZpwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH92tjW0=</latexit><latexit sha1_base64="nKJ6FnC6thGdquS5a01ddNwdH7Q=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIrTHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YWNYrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQkbfsZlkhqUbPVRmApiYrK4m4y4QmbEzAJlittdCZtQRZmx6ZRsCN76yZvQua55lu9vKs1qHkcRLuASquBBHZpwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH92tjW0=</latexit><latexit sha1_base64="nKJ6FnC6thGdquS5a01ddNwdH7Q=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkIrTHghePFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNEcG1c99spbG3v7O4V90sHh0fHJ+XTs46OU8WwzWIRq15ANQousW24EdhLFNIoENgNpreLevcJleaxfDSzBP2IjiUPOaPGWg+9YWNYrrg1dymyCV4OFcjVGpa/BqOYpRFKwwTVuu+5ifEzqgxnAuelQaoxoWxKx9i3KGmE2s+Wq87JlXVGJIyVfdKQpft7IqOR1rMosJ0RNRO9XluY/9X6qQkbfsZlkhqUbPVRmApiYrK4m4y4QmbEzAJlittdCZtQRZmx6ZRsCN76yZvQua55lu9vKs1qHkcRLuASquBBHZpwBy1oA4MxPMMrvDnCeXHenY9Va8HJZ87hj5zPH92tjW0=</latexit>

C1
<latexit sha1_base64="+Dco2Zwvc/m7h6m9DS7M7+6Wr0I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkItRjoRePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuMG0u6t0nro2I1SPOEu5HdKxEKBhFaz00h96wXHFr7lJkE7wcKpCrNSx/DUYxSyOukElqTN9zE/QzqlEwyeelQWp4QtmUjnnfoqIRN362XHVOrqwzImGs7VNIlu7viYxGxsyiwHZGFCdmvbYw/6v1Uwxv/UyoJEWu2OqjMJUEY7K4m4yE5gzlzAJlWthdCZtQTRnadEo2BG/95E3oXNc8y/c3lUY1j6MIF3AJVfCgDg24gxa0gcEYnuEV3hzpvDjvzseqteDkM+fwR87nD7MTjVE=</latexit><latexit sha1_base64="+Dco2Zwvc/m7h6m9DS7M7+6Wr0I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkItRjoRePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuMG0u6t0nro2I1SPOEu5HdKxEKBhFaz00h96wXHFr7lJkE7wcKpCrNSx/DUYxSyOukElqTN9zE/QzqlEwyeelQWp4QtmUjnnfoqIRN362XHVOrqwzImGs7VNIlu7viYxGxsyiwHZGFCdmvbYw/6v1Uwxv/UyoJEWu2OqjMJUEY7K4m4yE5gzlzAJlWthdCZtQTRnadEo2BG/95E3oXNc8y/c3lUY1j6MIF3AJVfCgDg24gxa0gcEYnuEV3hzpvDjvzseqteDkM+fwR87nD7MTjVE=</latexit><latexit sha1_base64="+Dco2Zwvc/m7h6m9DS7M7+6Wr0I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkItRjoRePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuMG0u6t0nro2I1SPOEu5HdKxEKBhFaz00h96wXHFr7lJkE7wcKpCrNSx/DUYxSyOukElqTN9zE/QzqlEwyeelQWp4QtmUjnnfoqIRN362XHVOrqwzImGs7VNIlu7viYxGxsyiwHZGFCdmvbYw/6v1Uwxv/UyoJEWu2OqjMJUEY7K4m4yE5gzlzAJlWthdCZtQTRnadEo2BG/95E3oXNc8y/c3lUY1j6MIF3AJVfCgDg24gxa0gcEYnuEV3hzpvDjvzseqteDkM+fwR87nD7MTjVE=</latexit><latexit sha1_base64="+Dco2Zwvc/m7h6m9DS7M7+6Wr0I=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkItRjoRePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuMG0u6t0nro2I1SPOEu5HdKxEKBhFaz00h96wXHFr7lJkE7wcKpCrNSx/DUYxSyOukElqTN9zE/QzqlEwyeelQWp4QtmUjnnfoqIRN362XHVOrqwzImGs7VNIlu7viYxGxsyiwHZGFCdmvbYw/6v1Uwxv/UyoJEWu2OqjMJUEY7K4m4yE5gzlzAJlWthdCZtQTRnadEo2BG/95E3oXNc8y/c3lUY1j6MIF3AJVfCgDg24gxa0gcEYnuEV3hzpvDjvzseqteDkM+fwR87nD7MTjVE=</latexit>

C2
<latexit sha1_base64="75Cn9mwSuMpDb0vFC5yH4BIaxdA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkRdBjoRePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuMG0u6t0nro2I1SPOEu5HdKxEKBhFaz00h/VhueLW3KXIJng5VCBXa1j+GoxilkZcIZPUmL7nJuhnVKNgks9Lg9TwhLIpHfO+RUUjbvxsueqcXFlnRMJY26eQLN3fExmNjJlFge2MKE7Mem1h/lfrpxje+plQSYpcsdVHYSoJxmRxNxkJzRnKmQXKtLC7EjahmjK06ZRsCN76yZvQqdc8y/fXlUY1j6MIF3AJVfDgBhpwBy1oA4MxPMMrvDnSeXHenY9Va8HJZ87hj5zPH7SXjVI=</latexit><latexit sha1_base64="75Cn9mwSuMpDb0vFC5yH4BIaxdA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkRdBjoRePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuMG0u6t0nro2I1SPOEu5HdKxEKBhFaz00h/VhueLW3KXIJng5VCBXa1j+GoxilkZcIZPUmL7nJuhnVKNgks9Lg9TwhLIpHfO+RUUjbvxsueqcXFlnRMJY26eQLN3fExmNjJlFge2MKE7Mem1h/lfrpxje+plQSYpcsdVHYSoJxmRxNxkJzRnKmQXKtLC7EjahmjK06ZRsCN76yZvQqdc8y/fXlUY1j6MIF3AJVfDgBhpwBy1oA4MxPMMrvDnSeXHenY9Va8HJZ87hj5zPH7SXjVI=</latexit><latexit sha1_base64="75Cn9mwSuMpDb0vFC5yH4BIaxdA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkRdBjoRePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuMG0u6t0nro2I1SPOEu5HdKxEKBhFaz00h/VhueLW3KXIJng5VCBXa1j+GoxilkZcIZPUmL7nJuhnVKNgks9Lg9TwhLIpHfO+RUUjbvxsueqcXFlnRMJY26eQLN3fExmNjJlFge2MKE7Mem1h/lfrpxje+plQSYpcsdVHYSoJxmRxNxkJzRnKmQXKtLC7EjahmjK06ZRsCN76yZvQqdc8y/fXlUY1j6MIF3AJVfDgBhpwBy1oA4MxPMMrvDnSeXHenY9Va8HJZ87hj5zPH7SXjVI=</latexit><latexit sha1_base64="75Cn9mwSuMpDb0vFC5yH4BIaxdA=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkRdBjoRePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuMG0u6t0nro2I1SPOEu5HdKxEKBhFaz00h/VhueLW3KXIJng5VCBXa1j+GoxilkZcIZPUmL7nJuhnVKNgks9Lg9TwhLIpHfO+RUUjbvxsueqcXFlnRMJY26eQLN3fExmNjJlFge2MKE7Mem1h/lfrpxje+plQSYpcsdVHYSoJxmRxNxkJzRnKmQXKtLC7EjahmjK06ZRsCN76yZvQqdc8y/fXlUY1j6MIF3AJVfDgBhpwBy1oA4MxPMMrvDnSeXHenY9Va8HJZ87hj5zPH7SXjVI=</latexit>

C3
<latexit sha1_base64="NnI4IQICc+pnuJNciHrFrU7TE60=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkKuix0IvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk8a83nlCpXksH800QT+iI8lDzqix1kNjcDUoV9yauxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91IS3fsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQvqx5lu+vK/VqHkcRzuAcquDBDdThDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP7YbjVM=</latexit><latexit sha1_base64="NnI4IQICc+pnuJNciHrFrU7TE60=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkKuix0IvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk8a83nlCpXksH800QT+iI8lDzqix1kNjcDUoV9yauxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91IS3fsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQvqx5lu+vK/VqHkcRzuAcquDBDdThDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP7YbjVM=</latexit><latexit sha1_base64="NnI4IQICc+pnuJNciHrFrU7TE60=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkKuix0IvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk8a83nlCpXksH800QT+iI8lDzqix1kNjcDUoV9yauxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91IS3fsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQvqx5lu+vK/VqHkcRzuAcquDBDdThDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP7YbjVM=</latexit><latexit sha1_base64="NnI4IQICc+pnuJNciHrFrU7TE60=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkKuix0IvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk8a83nlCpXksH800QT+iI8lDzqix1kNjcDUoV9yauxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91IS3fsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQvqx5lu+vK/VqHkcRzuAcquDBDdThDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP7YbjVM=</latexit>

C4
<latexit sha1_base64="fuhMMJHEIh6lekCg0VSChiA8OO4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkUtBjoRePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuMG0u6t0nro2I1SPOEu5HdKxEKBhFaz00h/VhueLW3KXIJng5VCBXa1j+GoxilkZcIZPUmL7nJuhnVKNgks9Lg9TwhLIpHfO+RUUjbvxsueqcXFlnRMJY26eQLN3fExmNjJlFge2MKE7Mem1h/lfrpxje+plQSYpcsdVHYSoJxmRxNxkJzRnKmQXKtLC7EjahmjK06ZRsCN76yZvQua55lu/rlUY1j6MIF3AJVfDgBhpwBy1oA4MxPMMrvDnSeXHenY9Va8HJZ87hj5zPH7efjVQ=</latexit><latexit sha1_base64="fuhMMJHEIh6lekCg0VSChiA8OO4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkUtBjoRePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuMG0u6t0nro2I1SPOEu5HdKxEKBhFaz00h/VhueLW3KXIJng5VCBXa1j+GoxilkZcIZPUmL7nJuhnVKNgks9Lg9TwhLIpHfO+RUUjbvxsueqcXFlnRMJY26eQLN3fExmNjJlFge2MKE7Mem1h/lfrpxje+plQSYpcsdVHYSoJxmRxNxkJzRnKmQXKtLC7EjahmjK06ZRsCN76yZvQua55lu/rlUY1j6MIF3AJVfDgBhpwBy1oA4MxPMMrvDnSeXHenY9Va8HJZ87hj5zPH7efjVQ=</latexit><latexit sha1_base64="fuhMMJHEIh6lekCg0VSChiA8OO4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkUtBjoRePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuMG0u6t0nro2I1SPOEu5HdKxEKBhFaz00h/VhueLW3KXIJng5VCBXa1j+GoxilkZcIZPUmL7nJuhnVKNgks9Lg9TwhLIpHfO+RUUjbvxsueqcXFlnRMJY26eQLN3fExmNjJlFge2MKE7Mem1h/lfrpxje+plQSYpcsdVHYSoJxmRxNxkJzRnKmQXKtLC7EjahmjK06ZRsCN76yZvQua55lu/rlUY1j6MIF3AJVfDgBhpwBy1oA4MxPMMrvDnSeXHenY9Va8HJZ87hj5zPH7efjVQ=</latexit><latexit sha1_base64="fuhMMJHEIh6lekCg0VSChiA8OO4=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6KkkUtBjoRePFe0HtKFstpt26WYTdidCCf0JXjwo4tVf5M1/47bNQVtfWHh4Z4adeYNECoOu++0UtrZ3dveK+6WDw6Pjk/LpWcfEqWa8zWIZ615ADZdC8TYKlLyXaE6jQPJuMG0u6t0nro2I1SPOEu5HdKxEKBhFaz00h/VhueLW3KXIJng5VCBXa1j+GoxilkZcIZPUmL7nJuhnVKNgks9Lg9TwhLIpHfO+RUUjbvxsueqcXFlnRMJY26eQLN3fExmNjJlFge2MKE7Mem1h/lfrpxje+plQSYpcsdVHYSoJxmRxNxkJzRnKmQXKtLC7EjahmjK06ZRsCN76yZvQua55lu/rlUY1j6MIF3AJVfDgBhpwBy1oA4MxPMMrvDnSeXHenY9Va8HJZ87hj5zPH7efjVQ=</latexit>

C5
<latexit sha1_base64="pbuCDtruvuLZxjCgo+pzkOEugqg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6Kkkouix0IvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk8a83nlCpXksH800QT+iI8lDzqix1kNjcD0oV9yauxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91IS3fsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQvqx5lu+vKvVqHkcRzuAcquDBDdThDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP7kjjVU=</latexit><latexit sha1_base64="pbuCDtruvuLZxjCgo+pzkOEugqg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6Kkkouix0IvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk8a83nlCpXksH800QT+iI8lDzqix1kNjcD0oV9yauxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91IS3fsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQvqx5lu+vKvVqHkcRzuAcquDBDdThDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP7kjjVU=</latexit><latexit sha1_base64="pbuCDtruvuLZxjCgo+pzkOEugqg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6Kkkouix0IvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk8a83nlCpXksH800QT+iI8lDzqix1kNjcD0oV9yauxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91IS3fsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQvqx5lu+vKvVqHkcRzuAcquDBDdThDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP7kjjVU=</latexit><latexit sha1_base64="pbuCDtruvuLZxjCgo+pzkOEugqg=">AAAB6nicbZBNS8NAEIYn9avWr6pHL4tF6Kkkouix0IvHivYD2lA220m7dLMJuxuhhP4ELx4U8eov8ua/cdvmoK0vLDy8M8POvEEiuDau++0UNja3tneKu6W9/YPDo/LxSVvHqWLYYrGIVTegGgWX2DLcCOwmCmkUCOwEk8a83nlCpXksH800QT+iI8lDzqix1kNjcD0oV9yauxBZBy+HCuRqDspf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZlDRC7WeLVWfkwjpDEsbKPmnIwv09kdFI62kU2M6ImrFerc3N/2q91IS3fsZlkhqUbPlRmApiYjK/mwy5QmbE1AJlittdCRtTRZmx6ZRsCN7qyevQvqx5lu+vKvVqHkcRzuAcquDBDdThDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzmfP7kjjVU=</latexit>

C6
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Figure 2: A Fragment of the Tree of Knowledge.

Definition 6.2. For any outcome ω ∈ Ω, let Tree(ω) be the set of
all ω ′ ∈ Ω such that sequence ω is a prefix of sequence ω ′

.

Note that Tree(ω) is a subtree of the Tree of Knowledge rooted
at vertex ω, see Figure 2.

Definition 6.3. For any two outcomes ω,ω ′ ∈ Ω and any agent

a ∈ A, let ω ∼a ω ′
if all edges along the unique path between

nodes ω and ω ′
are labeled with agent a.

Lemma 6.4. Relation ∼a is an equivalence relation on Ω. □

Lemma 6.5. KCφ ∈ hd(ω) iff KCφ ∈ hd(ω ′), if ω ∼C ω ′.

Proof. By Definition 6.3, assumption ω ∼C ω ′
implies that all

edges along the unique path between nodes ω and ω ′
are labeled

with all agents of coalitionC . Thus, it suffices to prove the statement

of the lemma for any two adjacent vertices along this path. Let

ω ′ = ω :: (D,b) :: X . Note that C ⊆ D because edge (ω,ω ′) is

labeled with all agents in coalition C . We start by proving the first

part of the lemma.

(⇒) Suppose KCφ ∈ hd(ω). Thus, hd(ω) ⊢ KCKCφ by Lemma 3.2.

Hence,hd(ω) ⊢ KDKCφ by theMonotonicity axiom. Thus,KDKCφ ∈

hd(ω) because set hd(ω) is maximal. Therefore, KCφ ∈ X = hd(ω ′)

by Definition 6.1.

(⇐) Assume KCφ < hd(ω). Thus, ¬KCφ ∈ hd(ω) by the maximality

of the set hd(ω). Hence, hd(ω) ⊢ KC¬KCφ by the Negative Intro-

spection axiom. Then, hd(ω) ⊢ KD¬KCφ by the Monotonicity ax-

iom. Thus, KD¬KCφ ∈ hd(ω) by the maximality of set hd(ω). Then,
¬KCφ ∈ X = hd(ω ′) by Definition 6.1. Therefore, KCφ < hd(ω ′)

because set hd(ω ′) is consistent. □

Corollary 6.6. Ifω ∼C ω ′, then KCφ ∈ hd(ω) iff KCφ ∈ hd(ω ′).

The set of the initial states I of the canonical game is the set of

all equivalence classes of Ω with respect to relation ∼A .

Definition 6.7. I = Ω/∼A .

Lemma 6.8. Relation ∼C is well-defined on set I .

Proof. Consider outcomes ω1,ω2,ω
′
1
, and ω ′

2
where ω1 ∼C ω2,

ω1 ∼A ω ′
1
, andω2 ∼A ω ′

2
. It suffices to showω ′

1
∼C ω ′

2
. Indeed, the

assumptions ω1 ∼A ω ′
1
and ω2 ∼A ω ′

2
imply ω1 ∼C ω ′

1
and ω2 ∼C

ω ′
2
. Thus, ω ′

1
∼C ω ′

2
because ∼C is an equivalence relation. □

Corollary 6.9. α ∼C α ′ iff ω ∼C ω ′, for any states α ,α ′ ∈ I ,
any outcomes ω ∈ α and ω ′ ∈ α ′, and any C ⊆ A.

In [15], the domain of actions ∆ of the canonical game is the set

Φ of all formulae. Informally, if an agent employs action φ, then she

vetoes formula φ. The set P specifies under which conditions the

veto takes place. Here, we modify this construction by requiring

the agent, while vetoing formula φ, to specify a coalition C and

an outcome ω. The veto will take effect only if coalition C cannot

distinguish the outcomeω from the current outcome. One can think

about this construction as requiring the veto ballot to be signed

by a key only known, distributively, to coalition C . This way only

coalition C knows how the agent must vote.

Definition 6.10. ∆ = {(φ,C,ω) | φ ∈ Φ,C ⊆ A,ω ∈ Ω}.

Definition 6.11. The set P ⊆ I × ∆A × Ω consists of all triples

(α ,δ ,u) such that (i) u ∈ α , and (ii) for any outcome v and any

formula KCBDCψ ∈ hd(v), if δ (a) = (ψ ,C,v) for each agent a ∈ D
and u ∼C v , then ¬ψ ∈ hd(u).

Definition 6.12. π (p) = {(α ,δ ,ω) ∈ P | p ∈ hd(ω)}.

This concludes the definition of the canonical game G(X0). In

Lemma 6.15, we show that this game satisfies the requirement

of item (5) from Definition 2.1. Namely, for each α ∈ I and each

complete action profile δ ∈ ∆A
, there is at least one ω ∈ Ω such

that (α ,δ ,ω) ∈ P .
As usual, the completeness follows from the induction (or “truth”)

Lemma 6.17. To prove this lemma we first need to establish a few

auxiliary properties of game G(X0).

Lemma 6.13. For any play (α ,δ ,ω) ∈ P of game G(X0), any for-
mula ¬(φ → BDC φ) ∈ hd(ω), and any profile s ∈ ∆D , there is a play
(α ′,δ ′,ω ′) ∈ P such that α ∼C α ′, s =D δ ′, and φ ∈ hd(ω ′).

Proof. Let the complete action profile δ ′ be defined as:

δ ′(a) =

{
s(a), if a ∈ D,

(⊥,∅,ω), otherwise.
(7)



Then, s =D δ ′. Consider the following set of formulae:

X = {φ} ∪ {ψ | KCψ ∈ hd(ω)}

∪ {¬χ | KEB
F
E χ ∈ hd(v),E ⊆ C, F ⊆ D,

∀a ∈ F (δ ′(a) = (χ ,E,v)),ω ∼E v}.

Claim 1. Set X is consistent.

Proof of Claim. Suppose the opposite. Thus, there are formulae

KE1B
F1
E1
χ1, . . . ,KEnB

Fn
En
χn , outcomes v1, . . . ,vn ∈ Ω,

and formulae KCψ1, . . . ,KCψm ∈ hd(ω), (8)

such that KEiB
Fi
Ei
χi ∈ hd(vi ) ∀i ≤ n, (9)

E1, . . . ,En ⊆ C, F1, . . . , Fn ⊆ D, (10)

δ ′(a) = (χi ,Ei ,vi ) ∀i ≤ n ∀a ∈ Fi , (11)

ω ∼Ei vi ∀i ≤ n, (12)

and ψ1, . . . ,ψm ,¬χ1, . . . ,¬χn ⊢ ¬φ. (13)

Without loss of generality, we assume that formulae χ1, . . . , χn are

distinct. Thus, assumption (11) implies that F1, . . . , Fn are pairwise

disjoint. Assumption (13) implies

ψ1, . . . ,ψm ⊢ φ → χ1 ∨ · · · ∨ χn

by the propositional reasoning. Then,

KCψ1, . . . ,KCψm ⊢ KC (φ → χ1 ∨ · · · ∨ χn )

by Lemma 3.1. Hence, by assumption (8),

hd(ω) ⊢ KC (φ → χ1 ∨ · · · ∨ χn ).

At the same time, KE1B
F1
E1
χ1, . . . ,KEnB

Fn
En
χn ∈ hd(ω) by as-

sumption (9), assumption (12), and Corollary 6.6. Thus, hd(ω) ⊢
KC (φ → BDC φ) by Lemma 4.5, assumption (10), and the assump-

tion that sets F1, . . . , Fn are pairwise disjoint. Hence, by the Truth

axiom, hd(ω) ⊢ φ → BDC φ, which contradicts the assumption

¬(φ → BDC φ) ∈ hd(ω) of the lemma because set hd(ω) is con-
sistent. Thus, X is consistent. ⊠

Let X ′
be any maximal consistent extension of set X and ω ′

b be

the sequence ω :: (C,b) :: X ′
for each element b ∈ B. Then, ω ′

b ∈ Ω
for each element b ∈ B by Definition 6.1 and the choice of sets X
and X ′

. Also φ ∈ X ⊆ hd(ω ′
b ) for each b ∈ B by the choice of sets

X and X ′
.

Note that family {Tree(ω ′
b )}b ∈B consists of pair-wise disjoint

sets. This family has the same cardinality as set B. Let

V = {v ∈ Ω | δ ′(a) = (ψ ,E,v),a ∈ A,ψ ∈ Φ,E ⊆ A}.

The cardinality of V is at most the cardinality of set A. By the

choice of set B, its cardinality is larger than the cardinality of setA.

Thus, there exists a setTree(ω ′
b0
) in family {Tree(ω ′

b )}b ∈B disjoint

with set V :

Tree(ω ′
b0
) ∩V = ∅. (14)

Let ω ′
be the outcome ω ′

b0
.

Claim 2. If ω ′ ∼E v for some v ∈ V , then E ⊆ C .

Proof of Claim. Consider any agent a ∈ E. By Definition 6.3, as-

sumption ω ′ ∼E v implies that each edge along the unique path

connecting vertex ω with vertex v is labeled with agent a. At the

C,b0 X

X
…

Tree(ω )

ω = ωb0

v
ω

Figure 3: Towards the Proof of Claim 2.

same time, v < Tree(ω ′) by statement (14) and because ω ′ = ω ′
b0
.

Thus, the path between vertex ω ′
and vertex v must go through

vertex ω, see Figure 3. Hence, this path must contain edge (ω ′,ω).
Since all edges along this path are labeled with agent a and edge

(ω ′,ω) is labeled with agents from set C , it follows that a ∈ C . ⊠

Let initial state α ′
be the equivalence class of outcome ω ′

with

respect to the equivalence relation ∼A . Note that ω ∼C ω ′
by

Definition 6.1 because ω ′ = ω :: (C,b0) :: X
′
. Therefore, α ∼C α ′

by Corollary 6.9.

Claim 3. (α ′,δ ′,ω ′) ∈ P .

Proof of Claim. First, note that ω ′ ∈ α ′
because initial state α ′

is the

equivalence class of outcome ω ′
. Next, consider an outcome v ∈ Ω

and a formula KEB
F
E χ ∈ hd(v), (15)

such that ω ′ ∼E v, (16)

and ∀a ∈ F (δ ′(a) = (χ ,E,v)). (17)

By Definition 6.11, it suffices to show that ¬χ ∈ hd(ω ′).

Case I: F = ∅. Then, ¬BFE χ is an instance of the None to Act

axiom. Thus, ⊢ KE¬BFE χ by the Necessitation inference rule. Hence,

¬KE¬BFE χ < hd(v) by the consistency of the set hd(v), which

contradicts the assumption (15) and the definition of modality K.

Case II: ∅ , F ⊆ D. Thus, there exists an agent a ∈ F . Note that
δ ′(a) = (χ ,E,v) by assumption (17). Hence,v ∈ V by the definition

of setV . Thus, E ⊆ C by Claim 2 and assumption (16). Then,¬χ ∈ X
by the definition of set X , the assumption of the case that F ⊆ D,
assumption (15), assumption (16), and assumption (17). Therefore,

¬χ ∈ hd(ω ′) because X ⊆ X ′ = hd(ω ′
b0
) = hd(ω ′) by the choice of

set X ′
, set of sequences {ω ′

b }b ∈B , and sequence ω ′
.

Case III: F ⊈ D. Consider any agent a ∈ F \ D. Thus, δ ′(a) =
(⊥,∅,ω) by equation (7). Thus, χ ≡ ⊥ by statement (17) and the

assumption a ∈ F . Hence, formula ¬χ is a tautology. Therefore,

¬χ ∈ hd(ω ′) by the maximality of set hd(ω ′). ⊠
This concludes the proof of the lemma. □

Lemma 6.14. For any outcome ω ∈ Ω, there is a state α ∈ I and a
complete profile δ ∈ ∆A such that (α ,δ ,ω) ∈ P .

Proof. Let initial state α be the equivalence class of outcome

ω with respect to the equivalence relation ∼A . Thus, ω ∈ α . Let δ
be the complete profile such that δ (a) = (⊥,∅,ω) for each a ∈ A.

To prove (α ,δ ,ω) ∈ P , consider any outcome v ∈ Ω, any formula

KCBDC χ ∈ hd(v) such that

∀a ∈ D (δ (a) = (χ ,C,v)). (18)

By Definition 6.11, it suffices to show that ¬χ ∈ hd(ω).



Case I: D = ∅. Thus, ⊢ ¬BDC χ by the None to Act axiom. Hence,

⊢ KC¬BDC χ by the Necessitation rule. Then, ¬KC¬BDC χ < hd(v)
because set hd(v) is consistent. Therefore, KCBDC χ < hd(v) by the

definition of modality K, which contradicts the choice of KCBDC χ .

Case II: D , ∅. Then, there is an agent a ∈ D. Thus, δ (a) =
(χ ,C,v) by statement (18). Hence, χ ≡ ⊥ by the definition of action

profile δ . Then, ¬χ is a tautology. Therefore, ¬χ ∈ hd(ω) by the

maximality of set hd(ω). □

Lemma 6.15. For each α ∈ I and each complete action profile
δ ∈ ∆A , there is at least one outcome ω ∈ Ω such that (α ,δ ,ω) ∈ P .

Proof. By Definition 6.7, initial state α is an equivalence class.

Since each equivalence class is not empty, there must exist an

outcome ω0 ∈ Ω such that ω0 ∈ α . By Lemma 6.14, there is an

initial state α0 ∈ I and a complete action profile δ0 ∈ ∆A
such

that (α0,δ0,ω0) ∈ P . Then, ω0 ∈ α0 by Definition 6.11. Hence,

ω0 belongs to both equivalence classes α and α0. Thus, α = α0.
Therefore, (α ,δ0,ω0) ∈ P . □

Lemma 6.16. For any play (α ,δ ,ω) ∈ P and any ¬KCφ ∈ hd(ω),
there is a play (α ′,δ ′,ω ′) ∈ P such that α ∼C α ′ and ¬φ ∈ hd(ω ′).

Proof. Consider the set X = {¬φ} ∪ {ψ | KCψ ∈ hd(ω)}. First,
we show that set X is consistent. Suppose the opposite. Then, there

are formulae KCψ1, . . . ,KCψn ∈ hd(ω) such that ψ1, . . . ,ψn ⊢ φ.
Hence, KCψ1, . . . ,KCψn ⊢ KCφ by Lemma 3.1. Thus, hd(ω) ⊢ KCφ
because KCψ1, . . . ,KCψn ∈ hd(ω). Hence, ¬KCφ < hd(ω) because
set hd(ω) is consistent, which contradicts the assumption of the

lemma. Therefore, set X is consistent.

Recall that set B has larger cardinality than setA. Thus, there is

at least one b ∈ B. Let set X ′
be any maximal consistent extension

of set X and ω ′
be the sequence ω :: (C,b) :: X ′

. Note that ω ′ ∈ Ω
by Definition 6.1 and the choice of sets X and X ′

. Also, ¬φ ∈ X ⊆

X ′ = hd(ω ′) by the choice of sets X and X ′
.

By Lemma 6.14, there is an initial state α ′ ∈ I and a complete

action profile δ ′ such that (α ′,δ ′,ω ′) ∈ P . Note that ω ∼C ω ′
by

Definition 6.3 and the choice of sequence ω ′
. Thus, α ∼C α ′

by

Corollary 6.9. □

Lemma 6.17. (α ,δ ,ω) ⊩ φ iff φ ∈ hd(ω).

Proof. We prove the lemma by induction on the complexity of

formula φ. If φ is a propositional variable, then the lemma follows

from Definition 2.2 and Definition 6.12. If formula φ is an implica-

tion or a negation, then the required follows from the induction

hypothesis and the maximality and the consistency of set hd(ω) by
Definition 2.2. Assume that formula φ has the form KCψ .
(⇒) : Let KCψ < hd(ω). Thus, ¬KCψ ∈ hd(ω) by the maximality

of set hd(ω). Hence, by Lemma 6.16, there is a play (α ′,δ ′,ω ′) ∈ P
such that α ∼C α ′

and ¬ψ ∈ hd(ω ′). Then, ψ < hd(ω ′) by the

consistency of set hd(ω ′). Thus, (α ′,δ ′,ω ′) ⊮ ψ by the induction

hypothesis. Therefore, (α ,δ ,ω) ⊮ KCψ by Definition 2.2.

(⇐) : Let KCψ ∈ hd(ω). Thus, ψ ∈ hd(ω ′) for any ω ′ ∈ Ω such

that ω ∼C ω ′
, by Lemma 6.5. Hence, by the induction hypothesis,

(α ′,δ ′,ω ′) ⊩ ψ for each play (α ′,δ ′,ω ′) ∈ P such that ω ∼C ω ′
.

Thus, (α ′,δ ′,ω ′) ⊩ ψ for each (α ′,δ ′,ω ′) ∈ P such that α ∼C α ′
,

by Lemma 6.9. Therefore, (α ,δ ,ω) ⊩ KCψ by Definition 2.2.

Assume formula φ has the form BDCψ .
(⇒) : Suppose BDCψ < hd(ω).
Case I:ψ < hd(ω). Then, (α ,δ ,ω) ⊮ ψ by the induction hypothesis.

Thus, (α ,δ ,ω) ⊮ BDCψ by Definition 2.2.

Case II: ψ ∈ hd(ω). Let us show that ψ → BDCψ < hd(ω). Indeed,
if ψ → BDCψ ∈ hd(ω), then hd(ω) ⊢ BDCψ by the Modus Ponens

rule. Thus, BDCψ ∈ hd(ω) by the maximality of set hd(ω), which
contradicts the assumption above.

Since sethd(ω) is maximal, statementψ → BDCψ < hd(ω) implies

that ¬(ψ → BDCψ ) ∈ hd(ω). Hence, by Lemma 6.13, for any action

profile s ∈ ∆D , there is a play (α ′,δ ′,ω ′) such that α ∼C α ′
, s =D

δ ′, and ψ ∈ hd(ω ′). Thus, by the induction hypothesis, for any

action profile s ∈ ∆D , there is a play (α ′,δ ′,ω ′) such that α ∼C
α ′
, s =D δ ′, and (α ′,δ ′,ω ′) ⊩ ψ . Therefore, (α ,δ ,ω) ⊮ BDCψ by

Definition 2.2.

(⇐) : LetBDCψ ∈ hd(ω). Hence,hd(ω) ⊢ ψ by the Truth axiom. Thus,

ψ ∈ hd(ω) by the maximality of the set hd(ω). Then, (α ,δ ,ω) ⊩ ψ
by the induction hypothesis.

Next, let s ∈ ∆D be the action profile of coalition D such that

s(a) = (ψ ,C,ω) for each agenta ∈ D. Consider any play (α ′,δ ′,ω ′) ∈

P such that α ∼C α ′
and s =D δ ′. By Definition 2.2, it suffices to

show that (α ′,δ ′,ω ′) ⊮ ψ .
Assumption BDCψ ∈ hd(ω) implies hd(ω) ⊬ ¬BDCψ because set

hd(ω) is consistent. Thus, hd(ω) ⊬ KC¬BDCψ by the contraposition

of the Truth axiom. Hence, ¬KC¬BDCψ ∈ hd(ω) by the maximality

of hd(ω). Then, KCBDCψ ∈ hd(ω) by the definition of modality K.
Recall that s(a) = (ψ ,C,ω) for each agent a ∈ D by the choice

of the action profile s . Also, s =D δ ′ by the choice of the play

(α ′,δ ′,ω ′). Hence, δ ′(a) = (ψ ,C,ω) for each agent a ∈ D. Thus,

¬ψ ∈ hd(ω ′) by Definition 6.11 and because KCBDCψ ∈ hd(ω) and
(α ′,δ ′,ω ′) ∈ P . Then,ψ < hd(ω ′) by the consistency of set hd(ω ′).

Therefore, (α ′,δ ′,ω ′) ⊮ ψ by the induction hypothesis. □

Finally, we are ready to state and to prove the strong complete-

ness of our logical system.

Theorem 6.18. IfX ⊬ φ, then there is a game, and a play (α ,δ ,ω)
of this game such that (α ,δ ,ω) ⊩ χ for each χ ∈ X and (α ,δ ,ω) ⊮ φ.

Proof. Assume that X ⊬ φ. Hence, set X ∪ {¬φ} is consistent.
Let X0 be any maximal consistent extension of set X ∪ {¬φ} and let
game (I , {∼a }a∈A ,∆,Ω, P ,π ) be the canonical game G(X0). Also,

let ω0 be the single-element sequence X0. Note that ω0 ∈ Ω by

Definition 6.1. By Lemma 6.14, there is an initial state α ∈ I and
a complete action profile δ ∈ ∆A

such that (α ,δ ,ω0) ∈ P . Hence,
(α ,δ ,ω0) ⊩ χ for each χ ∈ X and (α ,δ ,ω0) ⊩ ¬φ by Lemma 6.17

and the choice of set X0. Thus, (α ,δ ,ω0) ⊮ φ by Definition 2.2. □

7 CONCLUSION
In this paper, we proposed a formal definition of the second-order

blameworthiness or duty to warn in the setting of strategic games.

Our main technical result is a sound and complete logical system

that describes the interplay between the second-order blamewor-

thiness and the distributed knowledge modalities.
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